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Introduction
Lie algebras associated with residually nilpotent groups play an important role in modern algebra,
especially in group theory. Reformulation of group-theoretic questions to Lie-theoretic ones (some-
times very sophisticated) allows us to use Lie methods in solving various problems of group theory.
The deepest application of Lie methods to pro-p groups is solving by E. Zelmanov the outstand-
ing problem, the restricted Burnside problem. Since then the methods of Lie algebras were used to
solve a wide range of other more recent questions in the study of group identities, the coclass the-
ory for pro-p groups, just-inﬁnite groups, the theory of ﬁxed points of automorphisms, growth of
groups, Hausdorff dimension and spectrum of pro-p groups, and many others (see the survey arti-
cles [19,20,15]).
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rooted trees, which have applications in geometric group theory, theory of dynamic systems, ergodic
and spectral theory, etc. In particular, automorphism groups of rooted trees were investigated in the
monograph [4] in view of applications to the renormalization problem for dynamical systems. The
conjugacy classes of the automorphism groups of the n-adic rooted tree Tn were characterized in [8].
The normal structure of such groups was described in [4] (for another characterization see [21]). Inter-
esting results about the structure of ﬁnitary automorphism group of T2 (characterization of conjugacy
classes, some normal subgroups and others) were obtained in [6]. The action of Aut Tn and some its
subgroups on the boundary of the tree Tn was studied in [17]. Beside that many interesting groups
(like groups of Burnside type, groups of intermediate growth, groups of ﬁnite width, etc.) can be di-
rectly introduced as automorphism groups of Tn . The Lie algebras of two such groups, Grigorchuk
group and Gupta–Sidki group, were described in [3]. These developments led to the notions of branch
algebras [1,2], self-similar algebras [9], and self-similar Lie algebras [18].
The Sylow p-subgroup of the group of automorphisms of the n-truncated rooted tree T p is isomor-
phic to the Sylow p-subgroup Pn of the symmetric group of degree pn . The last group was studied by
L.A. Kaloujnine in [10], who constructed a special tableau representation for it. Using this representa-
tion the lower and the upper central series, the characteristic subgroups, the group of automorphisms
of the group Pn were described. Uniseriality of the Lie actions of generalized Kaloujnine groups was
studied in [7]. The Lie algebra Ln associated with the group Pn was investigated in [22]. It was shown
that Ln also possesses a special tableau representation and it made possible to transfer the Kaloujnine
technique to the study of this Lie algebra. The structure of the Lie algebra Ln allowed one to represent
it as the wreath product of one-dimensional Lie algebras over the ﬁnite ﬁeld Zp of residues modulo p
[23]. These results were generalized to the wreath products of elementary abelian groups [5].
In the present paper we continue the study of the structure of the ﬁnitary automorphism group of
the tree T p for a prime p > 2. Our object is the Sylow p-subgroup FP∞ of the ﬁnitary automorphism
group of T p and the Lie algebra FL∞ associated with the lower central series of FP∞ . We use the
notions, techniques and results of papers [10,11,22]. It is possible to generalize in natural way the
tableau representation and related notions to the case of the group FP∞ and its Lie algebra FL∞ . We
introduce similarly to [10] a class of parallelotopic subgroups and parallelotopic subalgebras, which
can be completely deﬁned by a sequence of natural numbers called its characteristic. The structure
of the paper is as follows. In Section 1 we recall the structure of the Sylow p-subgroups of the au-
tomorphism group of the p-adic rooted trees, its tableau representation and polynomial techniques
introduced by L.A. Kaloujnine. In Section 2 we consider the ﬁnitary automorphism group of the tree
T p and its Sylow p-subgroup FP∞ . We show that the fully invariant subgroups of FP∞ are parallelo-
topic. The characteristic of the terms of the lower central series of FP∞ is calculated. It is shown that
the Lazard series of the group FP∞ coincides with its lower central series. The main results of the
paper are presented in Section 3. It is shown that the Lie algebra associated with the lower central
series of FP∞ possesses a tableau representation. Using this representation we compute fully invariant
ideals, the lower central series, the derived series, and the Engel series of this Lie algebra.
1. Sylow p-subgroup of the automorphism group of a p-adic rooted tree
Let T be an inﬁnite rooted tree. The vertices of the tree T are arranged into a countable set of
levels, where the k-th level T (k) consists of all vertices of distance k from the root. Each vertex of k-th
level is connected with a unique vertex of k−1-st level. A rooted tree T is called n-adic (or n-regular)
if every its vertex is connected with exactly n vertices of the next level of T . Up to isomorphism (as
rooted trees) for every n 2 there exists a unique n-adic tree which we denote as Tn .
Since the number of vertices of the k-th level T (k)n of the tree Tn is equal to n
k we can label the
vertices of this level by elements of the set Zkn . Moreover, we can make this labeling agreed with the
partition of vertices on levels: the root vertex is labeled by the empty word (set) ∅; if a vertex v is
labeled by (i1, i2, . . . , ik) then the unique vertex of the previous level connected with v is labeled by
(i1, i2, . . . , ik−1) (see Fig. 1).
Let Aut Tn denotes the group of all automorphisms of the tree Tn . Each element g ∈ Aut Tn is
uniquely determined by a labeling πg : Tn → S(Zn) of all vertices of Tn by the elements of the
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symmetric group S(Zn) over the ring Zn . Namely the vertex v ∈ Zkn is labeled by the permutation
π vg ∈ S(Zn) deﬁned by g((v, x)) = (g(v),π vg (x)) for x ∈ Zn . Conversely, the element g given by the
labeling πg acts on the tree in the following way:
g
(
(i1, i2, . . . , ik)
)= (π∅g (i1),π i1g (i2), . . . ,π(i1,i2,...,ik−1)g (ik)),
where i j ∈ Zn , j = 1,2, . . . ,k.
It is well known that the automorphism group Aut Tn of the n-adic tree Tn is isomorphic to the
wreath product of inﬁnite sequence of symmetric groups S(i)n of degree n (see [16]):
Aut Tn  ∞i=1S(i)n .
The wreath product ∞i=1S(i)n is the inverse limit of ﬁnitely iterated wreath products:
S(1)n ←− 2i=1S(i)n ←− 3i=1S(i)n ←− · · ·
with natural projections of “bigger” groups on “smaller” ones. Consequently Aut Tn is a proﬁnite group
and hence it contains Sylow p-subgroups for every prime number p, which are conjugated in Aut Tn
(see [13]). Every Sylow p-subgroup is isomorphic to the inverse limit of suitable chosen Sylow p-
subgroups Pk in the groups ki=1S(i)n . L.A. Kaloujnine [10] showed that a Sylow p-subgroup of the
symmetric group Spk of degree p
k is isomorphic to the k-iterated wreath product of cyclic groups of
degree p. The next proposition follows.
Proposition 1. A Sylow p-subgroup of Aut T pk (k  1) is isomorphic to a wreath product of cyclic groups of
order p.
Further we will consider only a p-adic tree T p for a ﬁxed prime number p, p > 2.
The set of all automorphisms g for which all vertices of T p are labeled by regular cyclic permu-
tations over Zp (π vg ∈ Cp for every vertex v) forms a Sylow p-subgroup of Aut T p . We denote this
subgroup by P∞ . By Proposition 1 we have
P∞  ∞i=1C (i)p ,
where C (i)p is a copy of the regular cyclic permutation group on Zp .
1.1. Tableau representation
The elements of the group P∞ possess a special tableau representation. Identifying the group Cp
with the additive group of the ﬁeld Zp of residues modulo p, we get that every element of P∞
deﬁnes an inﬁnite system of maps
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(here f1 is a ﬁxed element of Zp). Hence an inﬁnite “triangular” sequence of the form
u = [ f1, f2(x1), f3(x1, x2), . . .],
uniquely deﬁnes an automorphism of the tree T p which belongs to P∞ .
Every map f : Zkp → Zp may be uniquely deﬁned by a polynomial over Zp in variables x1, . . . , xk
with degree at most p−1 in each single variable (see [10,16]). Denote the set of all such polynomials
by Z(k)p [x1, . . . , xk] and deﬁne the ring structure on Z(k)p [x1, . . . , xk] by identifying it with the factor
ring of Zp[x1, . . . , xk] modulo the ideal generated by xp1 − x1, xp2 − x2, . . . , xpk − xk . Then the addition in
Z
(k)
p [x1, . . . , xk] is standard and the multiplication is the standard multiplication of polynomials with
the subsequent reduction using equalities xpi = xi for i = 1, . . . ,k. Therefore, every element g ∈ P∞ is
deﬁned by an inﬁnite sequence of the form
u = [a1,a2(x1),a3(x1, x2), . . .], (1)
where a1 ∈ Zp and ai+1(x1, . . . , xi) ∈ Z(i)p [x1, . . . , xi]. Due to Kaloujnine tableau representation [10] we
call such inﬁnite sequences as “tableaux”. For the rest of the paper we identify the group P∞ with its
tableaux representation.
We say that a tableau has depth k if its k ﬁrst coordinates are zeros and the (k + 1)-th coordinate
is nonzero. We say that a tableau is k-coordinate if only the k-th coordinate of the tableau is nonzero.
The multiplication of two tableaux of the group P∞ ,
u = [a1,a2(x1),a3(x1, x2), . . .] and v = [b1,b2(x1),b3(x1, x2), . . .]
is the tableau
u · v = [a1 + b1,a2(x1) + b2(x1 + a1),a3(x1, x2) + b3(x1 + a1, x2 + a2(x1)), . . .].
The identity automorphism is deﬁned by the tableau e = [0,0, . . .] and the inverse element of u ∈ P∞
is the tableau
u−1 = [−a1,−a2(x1 − a1),−a3(x1 − a1, x2 − a2(x1 − a1)), . . .].
The action of the tableau u on the set of vertices Zkp is given by
(t1, . . . , tk)
u = (t1 + a1, t2 + a2(t1), . . . , tk + ak(t1, . . . , tk−1)).
Denote by {u}k the k-th coordinate ak(x1, . . . , xk−1) of the tableau u ∈ P∞ and to simplify notation
set t¯k = (t1, . . . , tk). A routine veriﬁcation (see [10]) shows that for arbitrary tableaux u, v ∈ P∞ and
k ∈ N we have the following formulas:
(1) {u · v}k = ak(x¯k−1) + bk
(
x¯uk−1
)
,
(2)
{
u−1
}
k = −ak
(
x¯u
−1
k−1
)
,
(3)
{
ul
}
k =
l−1∑
ak
(
x¯u
i
k−1
)
,i=0
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{
vu
}
k = −ak
(
x¯u
−1
k−1
)+ bk(x¯u−1k−1)+ ak(x¯u−1vk−1 ), l 1,
(5)
{[u, v]}k = −ak(x¯u−1k−1)− bk(x¯u−1v−1k−1 )+ ak(x¯u−1v−1k−1 )+ bk(x¯u−1v−1uk−1 ),
where vu = u−1vu, [u, v] = u−1v−1uv .
1.2. Polynomial techniques
We call the height of a monomial cxi11 x
i2
2 . . . x
ik
k ∈ Z(k)p [x1, . . . , xk] (here c ∈ Zp) the positive integer
number
h
(
cxi11 x
i2
2 . . . x
ik
k
)= 1+ i1 + i2p1 + · · · + ik pk−1.
The height h( f ) of the reduced polynomial f (x1, . . . , xk) ∈ Z(k)p [x1, . . . , xk] is equal to the maximal
height of its monomials. The height of the zero polynomial is equal to 0. The monomial which deter-
mines the height of a reduced polynomial we call the principal monomial.
The set of all monomials xi11 x
i2
2 . . . x
ik
k ∈ Z(k)p [x1, . . . , xk] is linearly ordered by comparability of their
heights. The maximal possible height of a monomial is pk , and for every number i = 0, . . . , pk there
exists a monomial of the height i.
Throughout the paper we use notation n+ = max{n,0}, where n is a number.
We use the following estimates for the height of polynomial expressions.
Lemma 1. (See [10].)
1. For every reduced polynomial f (x¯s) and a tableau u ∈ P∞ the following equality holds
h
(
f
(
x¯us
))= h( f (x¯s)).
2. For every reduced polynomial f (x¯s) and a tableau u ∈ P∞ the following inequality holds
h
(
f (x¯s) − f
(
x¯us
))

(
h
(
f (x¯s)
)− 1)+.
3. For every reduced polynomial f (x¯s) there exists a tableau u ∈ P∞ such that
h
(
f (x¯s) − f
(
x¯us
))= (h( f (x¯s))− 1)+.
4. For every reduced polynomial f (x¯s) and a tableau u ∈ P∞ of depth k s the following inequality holds
h
(
f (x¯s) − f
(
x¯us
))
 ps − pk.
5. For every tableau u ∈ P∞ of depth k s there exists a reduced polynomial f (x¯s) such that
h
(
f (xs) − f
(
x¯us
))= ps − pk.
The next lemma follows from the results of [10].
Lemma 2. The following inequalities hold for every tableaux u, v ∈ P∞:
(i) h({vu}k)max{h({v}k),h({u}k) − 1};
(ii) h({[u, v]}k)max{h({u}k) − 1,h({v}k) − 1}+ .
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h
({[u, v]}k)= (h({u}k)− 1)+.
2. Sylow p-subgroups of the ﬁnitary automorphism group of T p
An automorphism g ∈ Aut Tn is called ﬁnitary if there exists k ∈ N such that g acts nontrivially only
on the ﬁrst k levels of the tree Tn , i.e. the permutation π vg is trivial for every vertex v of level  k.
The smallest integer number k with this property is called the depth of the ﬁnitary automorphism g .
All ﬁnitary automorphisms of Tn form a subgroup of Aut Tn which we call the group of ﬁnitary auto-
morphisms of Tn and denote by Aut f Tn . Then
Aut f Tn =
∞⋃
k=1
Aut(k)f Tn,
where Aut(k)f Tn is the group of all ﬁnitary automorphisms of depth  k. The group Aut
(k)
f Tn is iso-
morphic to the k-iterated wreath product of symmetric groups of degree n:
Aut(k)f Tn  ki=1S(i)n .
The groups Aut(k)f Tn , k 1, form the increasing chain of subgroups
Aut(1)f Tn < Aut
(2)
f Tn < · · · < Aut(k)f Tn < · · · .
Hence the group Aut f Tn is the direct limit of wreath products ki=1S(i)n .
Proposition 2. For every prime p > 2 the subgroup
FP∞ = P∞ ∩ Aut f T p
is a Sylow p-subgroup of Aut f T p .
Proof. For every k ∈ N the intersection Pk = P∞ ∩ Aut(k)f T p is the group of tableaux whose all coor-
dinates > k are zeros. The group Pk is isomorphic to the wreath product ki=1C (i)p and consequently it
is a Sylow p-subgroup of Aut(k)f T p . Since
FP∞ =
∞⋃
k=1
Pk,
the group FP∞ is a Sylow p-subgroup of Aut f T p . 
Remark 1. The group Aut f T p contains continuum-many pairwise nonisomorphic Sylow p-subgroups
[12]. We call the subgroup FP∞ the main Sylow p-subgroup of Aut f T p .
Further we describe a “natural” generating set of the group FP∞ .
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i−1
, xp−11 · · · · · xp−1i−1 ,0, . . .] for i  2. The set {ui | i ∈ N}
is the minimal system of generators of the group FP∞ .
Proof. Let us prove by induction on k that 〈u1, . . . ,uk〉 = Pk for every k 1. The case k = 1 is trivial.
Suppose that the statement is correct for k > 1, i.e. 〈u1, . . . ,uk−1〉 = Pk−1. Then by Lemma 2 for every
l = 1, . . . , pk−1 − 1 there exist tableaux v1, v2, . . . , vl ∈ Pk−1 such that
h
({[uk, v1, . . . , vl]}k)= h({u}k)− l = pk−1 − l.
Hence the subgroup 〈u1, . . . ,uk〉 contains a k-coordinate tableau [0, . . . ,0,ak(x¯k−1),0, . . .] with
h(ak(x¯k−1)) = s for every s = 1, . . . , pk−1, and thus it contains k-coordinate tableau with arbitrary
monomial on the k-th coordinate. Therefore 〈u1, . . . ,uk〉 = Pk and the theorem is proved. 
2.1. Parallelotopic subgroups
Let Σp be the set of all inﬁnite sequences 〈h1,h2, . . .〉 of nonnegative integers such that 0 hi 
pi−1 for all i ∈ N. We ﬁx on Σp the partial order  of component-wise comparison. The ordered set
(Σp,) has the minimal element 〈0,0, . . .〉 and the maximal element 〈1, p, p2, . . .〉. For every two ele-
ments 〈h1,h2, . . .〉, 〈h′1,h′2, . . .〉 of Σp there exists the least upper bound 〈max(h1,h′1),max(h2,h′2), . . .〉
and the greatest lower bound 〈min(h1,h′1),min(h2,h′2), . . .〉. Hence the ordered set (Σp,) forms a
lattice. It is easy to see that this lattice is distributive.
The sequence of nonnegative integers
h(u) = 〈h({u}1),h({u}2), . . .〉 ∈ Σp
is called the characteristic of the tableau u ∈ FP∞ .
A subgroup U < FP∞ is called parallelotopic if for every u ∈ U and v ∈ FP∞ the inequality h(v)
h(u) implies v ∈ U . Every parallelotopic subgroup U < FP∞ is uniquely determined by the inﬁnite
sequence
h(U ) = 〈max
u∈U h
({u}1),max
u∈U h
({u}2), . . .〉 ∈ Σp,
which is called the characteristic of the parallelotopic subgroup U . We say that the parallelotopic sub-
group U has depth k if the ﬁrst k coordinates of h(U ) are zeros and the (k + 1)-th coordinate is
nonzero. The group U contains all tableaux with characteristic  h(U ). The group FP∞ is parallelo-
topic with the characteristic 〈1, p, p2, . . .〉, the trivial subgroup has the characteristic 〈0,0,0, . . .〉.
Proposition 4. The set of all parallelotopic subgroups of FP∞ forms the distributive sublattice of the lattice of
all subgroups of the group FP∞ .
Proof. The map ϕ : U → h(U ) is the isomorphism of the ordered set of all parallelotopic subgroups of
FP∞ (by inclusion) onto the ordered set Σp . Since (Σp,) is the distributive lattice, then the ordered
by inclusion set of all parallelotopic subgroups of FP∞ forms the distributive lattice. 
Theorem 5. A parallelotopic subgroup of characteristic 〈h1,h2, . . .〉 of depth l is normal in FP∞ if and only if
hi  pi−1 − pl, for all i  l + 1.
Moreover, if this subgroup is normal then it is generated as a normal subgroup by the set of k-coordinate
tableaux (k l + 1) which k-th coordinate is the monomial of the height hk.
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theorem and let us prove that it is normal. Take arbitrary elements u = [a1,a2(x¯1),a3(x¯2) . . .] ∈ U (the
ﬁrst l coordinates of u are zeroes) and v = [b1,b2(x¯1),b3(x¯2), . . .] ∈ FP∞ . Then
{
uv
}
i =
⎧⎪⎪⎨
⎪⎪⎩
0, for i = 1,2, . . . , l,
al+1(x¯v
−1
l ), for i = l + 1,
ai(x¯v
−1
i−1) − bi(x¯v
−1
i−1) + bi(x¯v
−1·u
i−1 ), for i > l + 1.
By Lemma 1 items 1 and 4 we have
h
({
uv
}
l+1
)= h(al+1(x¯l))= h({u}l+1),
h
(−bi(x¯v−1i−1)+ bi(x¯v−1ui−1 )) pi−1 − pl
for all i > l + 1. Hence
h
({
uv
}
i
)= max{h({u}i),h(−bi(x¯v−1i−1)+ bi(x¯v−1ui−1 ))}
max
{
h
({u}i), pi−1 − pl}.
Thus h({uv}i) hi for all i  1, uv ∈ U for every v ∈ FP∞ , and U is a normal subgroup of FP∞ .
Conversely, suppose that there exists i  l+ 1 such that hi < pi−1 − pl . Let u ∈ U be the tableau of
the depth l. By Lemma 1 item 5 there exists a tableau v ∈ FP∞ such that
h
(−bi(x¯v−1i−1)+ bi(x¯v−1ui−1 ))= pi−1 − pl−1.
Then h({uv}i) > hi . This implies that uv /∈ U and the subgroup U is not normal.
The second statement about generating set is proved analogically to the proof of Proposition 3. 
2.2. Fully invariant subgroups of the group FP∞
Lemma 3. For every k ∈ N the map ϕk : FP∞ → FP∞ deﬁned by the equality
ϕk
([
a1, . . . ,ak(x¯k−1),ak+1(x¯k), . . .
])= [a1, . . . ,ak(x¯k−1),0,0, . . .]
is the endomorphism of FP∞ .
Proof. The proof is by direct calculations. Let
u = [a1, . . . ,ak(x¯k−1),ak+1(x¯k), . . .], v = [b1, . . . ,bk(x¯k−1),bk+1(x¯k), . . .]
be arbitrary elements of FP∞ . Then
{
ϕk(u · v)
}
i =
{
ϕk(u) · ϕk(v)
}
i = ai(x¯i−1) + bi
(
x¯ui−1
)
,
for i = 1, . . . ,k and {ϕk(u · v)}i = {ϕk(u) · ϕk(v)}i = 0 for i > k. 
Since ϕk · ϕl = ϕl · ϕk = ϕmin{l,k} , the set Π of all endomorphisms ϕk , k 1, forms a semigroup.
Theorem 6. A fully invariant subgroup of the group FP∞ is a parallelotopic subgroup.
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hk = max
u∈U h
({u}k), k 1.
We will prove that U is a parallelotopic subgroup with the characteristic 〈h1,h2, . . .〉. It is suﬃcient to
prove that for every k ∈ N and every m, 1m hk , the subgroup U contains a k-coordinate tableau
[0, . . . ,0,ak(x¯k−1),0, . . .] such that h(ak(x¯k−1)) = m. Let u = [a1,a2(x1), . . .] be an element of U
such that h({u}k) = hk . Then ϕk(u) = [a1, . . . ,ak(x¯k−1),0, . . .] and ϕk−1(u) = [a1, . . . ,ak−1(x¯k−2),0, . . .].
Hence
ω = ϕk(u) ·
(
ϕk−1(u)
)−1 = [0, . . . ,0,ak(x¯k−1),0, . . .] ∈ U .
By Lemma 2(ii) for every r = 0, . . . ,hk there exist tableaux u1,u2, . . . ,ur ∈ FP∞ such that
h
({[ω,u1, . . . ,ur]}k)= hk − r.
Moreover, it is possible to choose u1,u2, . . . ,ur having {u j}i = 0 for i > k ( j = 1,2, . . . , r). Thus we
have that the tableau [ω,u1, . . . ,ur] is a k-coordinate tableau of the subgroup U and the theorem is
proved. 
Remark 2. In the proof of Theorem 6 we used only inner automorphisms of FP∞ and endomor-
phisms ϕk , k ∈ N. Hence, in fact we proved that every (Π ∪ Inn FP∞) admissible subgroup of FP∞ is
parallelotopic.
Corollary 6.1. The lattice of all fully invariant subgroups of FP∞ is distributive.
As every verbal subgroup is fully invariant in FP∞ , it is possible to characterize the verbal sub-
groups by their characteristics. Further we calculate characteristics of the terms of some central series
of FP∞ .
2.3. The lower central series of the group FP∞
Theorem 7. The k-th term γk(FP∞), k  1, of the lower central series of the group FP∞ is the parallelotopic
subgroup with the characteristic
h
(
γk(FP∞)
)= 〈(1− k + 1)+, (p − k + 1)+, (p2 − k + 1)+, . . .〉.
Proof. The subgroups γk(FP∞) are parallelotopic by Theorem 6. Hence it is suﬃcient to calculate the
characteristic of γk(FP∞). We use induction on k. The case k = 1 is trivial, we choose it as base of
induction. Suppose that the statement is correct for some k > 1 and let
h
(
γk(FP∞)
)= 〈0, . . . ,0︸ ︷︷ ︸
l−1
,hl,hl+1, . . .〉, hl = 0, l 1.
Let u = [0, . . . ,ai(x¯i−1),0, . . .] be an i-coordinate tableau (i  l) of the subgroup γk(FP∞). Then
[u, v] = [0, . . . ,0,−ai(x¯i−1) + ai(x¯v−1i−1 ),0, . . .] for arbitrary element v ∈ FP∞ . By Lemma 1 item 2 we
have
h
({[u, v]} ) h(ai(x¯i−1))− 1 hi − 1,i
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such that
h
({[u, v]}i)= hi − 1.
Consequently for every i  l the i-th coordinate of h(γk+1(FP∞)) is equal to hi − 1 and the statement
is proved. 
Proposition 8.
(1) Let l be the depth of the k-th term γk(FP∞) of the lower central series of the group FP∞ . Then the subgroup
γk(FP∞) is generated modulo γk+1(FP∞) by the tableaux of the form
us =
[
0, . . . ,0︸ ︷︷ ︸
s−1
, xt11 x
t2
2 . . . x
ts−1
s−1,0,0, . . .
]
, s l + 1,
where xt11 x
t2
2 . . . x
ts−1
s−1 is the monomial of the height ps−1 − k + 1.
(2) For every k 1 the quotient group γk(FP∞)/γk+1(FP∞) is an elementary abelian inﬁnite group.
Proof. By Theorem 7 the coordinates of the characteristic of the subgroup γk+1(FP∞) are less by
one than the corresponding coordinates of the characteristic of γk(FP∞). Hence γk(FP∞) modulo
γk+1(FP∞) is generated by s-coordinate tableaux us , s  l + 1, such that {us}s is a monomial of the
height hs = ps−1 − k + 1.
The generators us · γk+1(FP∞) of the quotient γk(FP∞)/γk+1(FP∞) generate different cyclic sub-
groups of order p. Moreover, direct computations show that these generators commute. The statement
(2) follows. 
The monomials from Proposition 8 can be deﬁned more explicitly. Let {ul+1}l+1 = xi11 . . . xill be the
monomial of the height hl+1 = pl − k + 1. Then the s-th coordinate of the tableau us , s > l + 1, is the
monomial of the form xi11 . . . x
il
l x
p−1
l+1 . . . x
p−1
s−1 . Indeed
h
(
xi11 . . . x
il
l x
p−1
l+1 . . . x
p−1
s−1
)= hl+1 + s−1∑
j=l+1
(p − 1)p j−1 = pl − k + 1
+
s−1∑
j=l+1
(
p j − p j−1)= ps−1 − k + 1 = hs.
2.4. The Lazard series of the group FP∞
Let Dn be the subgroup of G generated by all elements [x1, . . . , xk]p j , where k · p j  n and x1, x2, . . .
are arbitrary elements of G . Then
G = D1  D2  D3  · · ·
is a descending series of normal subgroups every factor of which is an elementary abelian p-group.
Thus, Di/Di+1 can be viewed as a vector space over the ﬁeld Zp . Notice that the embedding
[Di, D j] ⊆ Di+ j holds for every i, j  1. Hence, D1  D2  D3  · · · is a central series which is called
the p-dimension lower central series of G . It is also known as the Lazard series or Jennings–Lazard–
Zassenhaus series (see [14]).
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Dn = [Dn−1,G]Dpn/p,
where n/p is the smallest integer greater than or equal to n/p. Equivalently, Dn may be deﬁned
as the set of elements g ∈ G such that g − 1 lies in the n-th power of the augmentation ideal of the
group algebra of G over the ﬁeld Zp .
Theorem 9. The Lazard series of the group FP∞ coincides with the lower central series of this group.
Proof. The subgroup Dn , n  1, is parallelotopic by Theorem 6. Let us calculate the characteristic of
this subgroup. First we consider the subgroup γ pk (FP∞). It is also parallelotopic by Theorem 6. We
estimate the characteristic of γ pk (FP∞), k 1. Let
h
(
γk(FP∞)
)= 〈0, . . . ,0︸ ︷︷ ︸
l
,hl+1,hl+2, . . .〉, hl+1 = 0,
where hs = ps−1 − k + 1, s l + 1.
Notice that by Proposition 8 we have that if xn11 x
n2
2 . . . x
nl
l is the monomial of l + 1-th coor-
dinate of a tableau of γk(FP∞) of the maximal height hl+1 = pl − k + 1 then the monomials of
the maximal possible heights hs on the other coordinates of tableaux of γk(FP∞) are of the form
xn11 x
n2
2 . . . x
nl
l x
p−1
l+1 . . . x
p−1
s−1 , s > l.
For every tableau u = [0, . . . ,0,al+1(x¯l),al+2(x¯l+1), . . .] ∈ γk(FP∞) we have
{
up
}
l+1 = al+1(x¯l) + · · · + al+1(x¯l)︸ ︷︷ ︸
p
= p · al+1(x¯l) = 0,
{
up
}
s = as(x¯s−1) + as
(
x¯us−1
)+ as(x¯u2s−1)+ · · · + as(x¯up−1s−1 ), s > l + 1.
In the expanded form for all s > l + 1 we have
{
up
}
s = as(x¯s−1) + as
(
x¯l, xl+1 + al+1(x¯l), . . . , xs−1 + as−1(x¯s−2)
)
+ as
(
x¯l, xl+1 + 2al+1(x¯l), . . .
)+ · · · + as(x¯l, xl+1 + (p − 1)al+1(x¯l), . . .)
= pas(x¯s−1) + (p − 1)
(
1+ 2+ · · · + (p − 1))c1(x¯s−1)
+
(
p − 1
2
)(
12 + 22 + · · · + (p − 1)2)c2(x¯s−1) + · · ·
+
(
p − 1
p − 1
)(
1p−1 + 2p−1 + · · · + (p − 1)p−1)cp−1(x¯s−1)
+monomials of less height. (2)
Notice that the ﬁrst two items in the last sum are equal to zero in Zp and ci(x¯s−1) are the monomials
of the form
(
xi11 . . . x
il
l
) · (xt11 . . . xtll )i · x jl+1−il+1 x jl+2l+2 . . . x js−1s−1 , i = 2, . . . , p − 1,
where h(xi11 . . . x
il
l )hl+1, h(x
t1
1 . . . x
tl
l )hl+1, with the height at most hs = h(xn11 xn22 . . . xnll xp−1l+1 . . . xp−1s−1 ).
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zero in Zp (here 2 q p − 1 and depends only on the prime p). Put
hM = max
{
h
(
a(x¯l) · b(x¯l)q
)}
,
where the maximum is taken over all polynomials a(x¯l),b(x¯l) whose height is not greater than hl+1.
Clearly, hM = hl+1 + r for some 0 r  pl−1, which depends only on k and p.
Then by formula (2) we get the following bound
h
({u}ps )= h(cq(x¯s−1)) hs + r − qpl, s l + 1.
Moreover, this bound is accessible. Indeed, consider the tableau v ∈ γk(FP∞) of depth l:
v = [0, . . . ,0, xt11 xt22 . . . xtll ,0, . . . ,0, xi11 xi22 . . . xill xp−1l+1 . . . xp−1s−1 ,0,0], s > l,
where xt11 x
t2
2 . . . x
tl
l and x
i1
1 x
i2
2 . . . x
il
l are the monomials of the height  hl+1 such that the height of the
monomial x j11 . . . x
jl
l = (xi11 . . . xill ) · (xt11 . . . xtll )q is equal to hM .
The p-th power of the tableau v is s-coordinate tableau with the s-th coordinate
{
vp
}
s = xi11 xi22 . . . xill xp−1l+1 . . . xp−1s−1
+ xi11 xi22 . . . xill
(
xl+1 + xt11 xt22 . . . xtll
)p−1
. . . xp−1s−1
+ xi11 xi22 . . . xill
(
xl+1 + 2xt11 xt22 . . . xtll
)p−1
. . . xp−1s−1 + · · ·
+ xi11 xi22 . . . xill
(
xl+1 + (p − 1)xt11 xt22 . . . xtll
)p−1
. . . xp−1s−1
= xi11 xi22 . . . xill ((p − 1)xp−2l+1 xt11 xt22 . . . xtll
(
1+ 2+ · · · + (p − 1))
+
(
p − 1
2
)
xp−3l+1
(
xt11 x
t2
2 . . . x
tl
l
)2(
12 + 22 + · · · + (p − 1)2)+ · · ·
+ (xt11 xt22 . . . xtll )p−1(1p−1 + 2p−1 + · · · + (p − 1)p−1))xp−1l+2 . . . xp−1s−1 .
The principal monomial of {vp}s is x j11 . . . x jll xp−1−ql+1 xp−1l+2 . . . xp−1s−1 . Then
h
({u}ps )= h(x j11 . . . x jll xp−1−ql+1 xp−1l+2 . . . xp−1s−1 )= hs + r − qpl.
Hence each component of the characteristic of the subgroup γk(FP∞)p is smaller than the respective
component of h(γk(FP∞)) by qpl − r (this number does not depend on the component). It means that
γk(FP∞)p = γk+qpl−r(FP∞). (3)
It follows that every term of the Lazard series {Dk} coincides with some term of the lower central
series {γk}. We need to show that every term γk appears in the Lazard series. Suppose that Dn = γk ,
then
Dn+1 = γk+1 · Dp n+1p  = γk+1 · γn′ = γmin{k+1,n′}.
Here n′  k, because the series {Dn} is descending. Moreover, n′  k+1 for suﬃciently large n, because
qpl − r > 0 in (3). The statement follows. 
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Recall the general construction of a Lie ring associated with an N-series of a group, known as
Lazard construction [14].
An N-series of a group G is a descending series of subgroups
G = G1  G2  G3  · · · ,
such that [Gm,Gn]  Gm+n for all m,n = 1,2, . . . . Then {Gn} is a central series and the quotients
Gn/Gn+1, n  1, are abelian groups. The important examples of N-series of a group are its lower
central series and the Lazard series.
The Lie ring associated with an N-series {Gn} of a group G is the direct sum of its quotients
L(G) =
∞⊕
n=1
Gn/Gn+1,
with the abelian groups Gn/Gn+1 written additively. The Lie bracket is deﬁned for homogeneous
elements u = u · Gm+1 ∈ Gm/Gm+1, v = v · Gn ∈ Gn/Gn+1 by the equality
(u, v) = (u · Gm+1, v · Gn+1) = [u, v] · Gm+n+1, (4)
and extends to all elements of L(G) by linearity.
Let p be a prime number. If Gn/Gn+1 is an elementary abelian p-group for all n  1 then each
of these quotients, and thus the whole ring L(G), can be considered as an additive group of a vector
space over the ﬁeld Zp of appropriate dimension. In this case it is possible to introduce the operation
of multiplication of elements of L(G) on elements of Zp . This operation transforms the Lie ring L(G)
to the Lie algebra over the ﬁeld Zp .
3.1. Tableau representation of the Lie algebra of the group FP∞
Let Z(0)p [x1, . . . , xk] be the set of all polynomials over Zp in variables x1, . . . , xk with degree at
most p − 1 in each single variable. Introduce the ring structure on Z(0)p [x1, . . . , xk] by identifying it
with the factor ring of Zp[x1, . . . , xk] modulo the ideal generated by xp1 , xp2 , . . . , xpk . Then the addition
in Z(0)p [x1, . . . , xk] is standard and the multiplication is the standard multiplication of polynomials
with the subsequent reduction using equalities xpi = 0 for i = 1, . . . ,k.
Consider the set L∞ of inﬁnite tableaux of the form
u = [a1,a2(x1),a3(x1, x2), . . .], (5)
where a1 ∈ Zp and ai+1(x1, . . . , xi) ∈ Z(0)p [x1, . . . , xi].
We will use the same notations for tableaux (5) as in group case of Section 1.
On the set of tableaux L∞ we introduce the structure of Lie algebra in the following way. Deﬁne
the addition, the multiplication on elements of the ﬁeld Zp and the Lie bracket ( , ) for tableaux u, v
by the following equalities (k = 1,2, . . .):
(i) {u + v}k = {u}k + {v}k,
(ii) {αu}k = α{u}k, α ∈ Zp,
(iii)
{
(u, v)
}
k =
k−1∑
i=1
(
∂{v}k
∂xi
· {u}i − ∂{u}k
∂xi
· {v}i
)
.
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Proof. The set L∞ with operation (i) is obviously an elementary abelian p-group. It is also easy to
check that the Lie bracket deﬁned by the equality (iii) is linear and satisﬁes the identity (u,u) = 0.
Hence only the Jakobi identity needs veriﬁcation. Let u, v,w ∈ L∞ be any tableaux. Consider the k-th
coordinate of the tableau (u, (v,w)), k = 1,2, . . . :
{(
u, (v,w)
)}
k =
k−1∑
i=1
(
∂{(v,w)}k
∂xi
· {u}i −
{
(v,w)
}
i ·
∂{u}k
∂xi
)
=
k−1∑
i=1
(
∂
∂xi
(
k−1∑
j=1
(
∂{w}k
∂x j
· {v} j − {w} j · ∂{v}k
∂x j
))
· {u}i
−
(
i−1∑
j=1
(
∂{w}i
∂x j
· {v} j − {w} j · ∂{v}i
∂x j
))
· ∂{u}k
∂xi
)
=
k−1∑
i=1
k−1∑
j=1
(
∂{w}k
∂xi∂x j
· {v} j{u}i + ∂{w}k
∂x j
∂{v} j
∂xi
· {u}i
− ∂{v}k
∂xi∂x j
· {w} j{u}i − ∂{v}k
∂x j
∂{w} j
∂xi
· {u}i
)
−
k−1∑
i=1
i−1∑
j=1
(
∂{u}k
∂xi
∂{w}i
∂x j
· {v} j − ∂{u}k
∂xi
∂{v}i
∂x j
· {w} j
)
.
Notice that the index j in the last sum changes from 1 to i − 1, because its components with in-
dices j  i are equal to zero. Similarly we can write down the expressions {v, (w,u)}k , {(w, (u, v))}k ,
and consider the sum
{(
u, (v,w)
)}
k +
{(
v, (w,u)
)}
k +
{(
w, (u, v)
)}
k.
All the terms of the sum cancel. The proof is complete. 
The Lie algebra L∞ is a proﬁnite dimensional algebra over Zp . The subset of all ﬁnitary tableaux
(i.e. tableaux u ∈ L∞ for which there exists k such that {u}i = 0 for all i  k) forms a dense subalgebra
in L∞ . We denote this subalgebra by FL∞ .
Theorem 11. The Lie algebra L(FP∞) associated with the lower central series of the group FP∞ is isomorphic
to the Lie algebra FL∞ .
Proof. Let us establish an isomorphism ϕ : L(FP∞) → FL∞ . Since every element of L(FP∞) is the
sum of homogeneous elements and the map ϕ should be linear, it is suﬃcient to deﬁne ϕ(u) for
homogeneous elements u ∈ γi(FP∞)/γi+1(FP∞). By Proposition 8 every such element has a unique
representative of the form:
u = [0, . . . ,0,al(x1, . . . , xl−1),al+1(x1, . . . , xl), . . .] ∈ γi(FP∞),
where ak(x1, . . . , xk−1) is either 0 or a monomial of the height pk−1 − i + 1, k  l, and l =
[logp(i − 1)] + 1. We set ϕ(u) = u. Clearly, ϕ is well deﬁned and injective. Every k-coordinate tableau
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Hence ϕ(L(FP∞)) contains the whole algebra FL∞ and the map ϕ is bijective.
Let us prove that ϕ is a homomorphism. It is easy to check that ϕ(u + v) = ϕ(u) + ϕ(v) and
ϕ(αu) = αϕ(u) for any u, v ∈ L(FP∞), α ∈ Zp . It remains to check that the map ϕ satisﬁes the equal-
ity
ϕ
(
(u, v)
)= (ϕ(u),ϕ(v)).
By linearity it is suﬃcient to prove the last equality for homogeneous elements u = u · γi+1(FP∞),
v = v · γ j+1(FP∞) with representatives of the form:
u = ϕ(u) = [0, . . . ,0,ak+1(x1, . . . , xk),0, . . .] ∈ γi(FP∞),
v = ϕ(v) = [0, . . . ,0,bl+1(x1, . . . , xl),0, . . .] ∈ γ j(FP∞),
(here u is a k+1-coordinate tableau and v is l+1-coordinate), where ak+1(x1, . . . , xk) = αxi11 xi22 . . . xikk ,
bl+1(x1, . . . , xl) = βx j11 x j22 . . . x jll are monomials of the heights pk − i + 1 and pl − j + 1 respectively.
If k = l then (u, v) = [u, v] · γk+l+1(FP∞) = 0 = (u, v).
Let k = l and without loss of generality suppose that k < l. Then [u, v] is an l+1-coordinate tableau
with the l + 1-th coordinate:
{[u, v]}l+1 = u−1v−1uv = βx j11 . . . x jll − βx j11 . . . x jkk
× (xk+1 − αxi11 . . . xilk ) jk+1 · x jk+2k+2 . . . x jll = βx j11 . . . x jll
− βx j11 . . . x jkk
( jk+1∑
r=0
(−1)rCrjk+1x
jk+1−r
k+1
(
αxi11 . . . x
ik
k
)r) · x jk+2k+2 . . . x jll
= βx j11 . . . x jll − βx j11 . . . x jkk
(
x
jk+1
k+1 − jk+1x jk+1−1k+1 αxi11 . . . xikk
)
x
jk+2
k+2 . . . x
jl
l + ε
= jk+1βx j11 . . . x jkk x jk+1−1k+1 x jk+2k+2 . . . x jll · αxi11 xi22 . . . xikk + ε
= ∂
∂xk+1
(
βx j11 . . . x
jl
l
)
αxi11 . . . x
ik
k + ε, (6)
where ε stands for monomials of less height than of the principal monomial. The last monomial as
an element of the ring Z(k)p [x1, . . . , xk] is reduced using identities xpi = xi . We need to prove that
ϕ((u, v)) equals
∂{v}l+1
∂xk+1
· {u}k+1 = ∂{v}l+1
∂xk+1
· {u}k+1 − {v}k+1 · ∂{u}l+1
∂xk+1
(
since {u}l+1 = 0
)
,
where the polynomials as elements of the ring Z(0)p [x1, . . . , xk] are reduced using identities xpi = 0.
If all the numbers i1 + j1, . . . , ik + jk are less or equal to p − 1 (there is no reduction), then the
height of the principal monomial in (6) is equal to
h
(
xi1+ j11 . . . x
ik+ jk
k x
jk+1−1
k+1 x
jk+2
k+2 . . . x
jl
l
)
= 1+ (i1 + j1) + · · · + (ik + jk)pk−1 + ( jk+1 − 1)pk + jk+2pk+1 + · · · + jl pl−1
= 1+ i1 + · · · + ik pk−1 + 1+ j1 + · · · + jk pk−1 + · · · + jl pl−1 − pk − 1
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= pl − (i + j) + 1.
Hence
ϕ
(
(u, v)
)= ∂
∂xk+1
(
βx j11 . . . x
jl
l
)
αxi11 . . . x
ik
k =
∂{v}l+1
∂xk+1
· {u}k+1 = (u, v).
If one of the sums i1 + j1, . . . , ik + jk is greater or equal to p then there is a reduction of the
principal monomial in (6) and its height becomes < pl − (i + j) + 1. Hence, [u, v] ∈ γi+ j+1(FP∞) and
it is equal to zero in the quotient γi+ j(FP∞)/γi+ j+1(FP∞). Thus ϕ((u, v)) = 0. At the same time, the
reduction xpi = 0 implies that (u, v) = 0.
Hence, ϕ is an isomorphism and the theorem is proved. 
Corollary 11.1. The Lie algebra associated with the Lazard series of the group FP∞ is isomorphic to the Lie
algebra FL∞ .
Section 2.1 it is possible to introduce the notion of a parallelotopic subalgebra of the Lie algebra FL∞ ,
which is uniquely deﬁned by its characteristic. Many results for parallelotopic subalgebras of FL∞ are
similar to the related results for the group FP∞ .
3.2. Auxiliary lemmas
Lemma 4. For every tableaux u, v ∈ FL∞ the following estimations hold:
(i) h( ∂{v}k
∂xi
· {u}i) (h({v}k) − 1)+;
(ii) h({(u, v)}k)max{h({u}k) − 1,h({v}k) − 1}+ .
Moreover, for every tableau u ∈ FL∞ and k  1 there exists a tableau v ∈ FL∞ such that h({(u, v)}k) =
(h({u}k) − 1)+ .
Proof. (i) By direct calculations we get
h
(
∂{v}k
∂xi
)

(
h
({v}k)− pi−1)+ and h({u}i) pi−1.
Then:
h
(
∂{v}k
∂xi
· {u}i
)

(
h
(
∂{v}k
∂xi
)
+ h({u}i)− 1)+

(
h
({v}k)− pi−1 + pi−1 − 1)+ = (h({v}k)− 1)+.
(ii) Using item (i) we obtain
h
(
∂{v}k
∂xi
· {u}i − ∂{u}k
∂xi
· {v}i
)
max
{
h
({u}k)− 1,h({v}k)− 1}+
for i = 1, . . . ,k − 1, and the inequality (ii) for h({(u, v)}k) follows.
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t j
j x
t j+1
j+1 . . . x
tk−1
k−1 , t j > 0, be the principal
monomial of the k-th coordinate of the tableau u. We choose the tableau v ∈ FL∞ as a j-coordinate
tableau with the j-th coordinate {v} j = xp−11 xp−12 . . . xp−1j−1 .
Then the following equalities hold
h
({
(u, v)
}
k
)= h(∂{u}k
∂x j
· {v} j − ∂{v}k
∂x j
· {u} j
)
= h
(
∂{u}k
∂x j
· {v} j
)
= h(t jcxp−11 . . . xp−1j−1 xt j−1j . . . xtk−1k−1)
= (1+ (p − 1) + p(p − 1) + · · · + p j−2(p − 1))+ (t j − 1)p j−1 + · · ·
+ tk−1pk−2 = 1+ t j p j−1 + · · · + tk−1pk−2 − 1 = h
({u}k)− 1. 
Lemma 5. For every k ∈ N the map ϕk : FL∞ → FL∞ deﬁned by the equality
ϕk
([
a1, . . . ,ak(x¯k−1),ak+1(x¯k), . . .
])= [a1, . . . ,ak(x¯k−1),0,0, . . .]
is an endomorphism of FL∞ .
Proof. For arbitrary tableaux u, v of the Lie algebra FL∞ the equalities ϕk(u + v) = ϕk(u)+ϕk(v) and
ϕk(α · u) = αϕk(u) are trivial. For the Lie bracket we have
{
ϕk(u, v)
}
s =
{(
ϕk(u),ϕk(v)
)}
s =
s−1∑
i=1
(
∂{v}s
∂xi
· {u}i − ∂{u}s
∂xi
· {v}i
)
for s = 1, . . . ,k; and {ϕk(u, v)}s = {(ϕk(u),ϕk(v))}s = 0 for s > k. 
3.3. Fully invariant ideals of the Lie algebra FL∞
Theorem 12. A fully invariant ideal of the Lie algebra FL∞ is a parallelotopic subalgebra.
Proof. Let A be a fully invariant ideal of the Lie algebra FL∞ . Put
hk = max
u∈A h
({u}k), k 1.
We will prove that A is a parallelotopic subalgebra with the characteristic 〈h1,h2, . . .〉. It is suﬃcient
to prove that for every k ∈ N and every d, 1  d  hk , the subalgebra A contains a k-coordinate
tableau [0, . . . ,0,ak(x¯k−1),0 . . .] such that h(ak(x¯k−1)) = d. Let u = [a1,a2(x1), . . .] be an element of A
such that h({u}k) = hk . Then ϕk(u) = [a1, . . . ,ak(x¯k−1),0, . . .] and ϕk−1(u) = [a1, . . . ,ak−1(x¯k−2),0, . . .].
Hence w = ϕk(u) − (ϕk−1(u)) = [0, . . . ,0,ak(x¯k−1),0, . . .] ∈ A. By Lemma 4 item (ii) for every r, 0 
r  hk , there exist tableaux u1,u2, . . . ,ur ∈ FL∞ such that
h
({
(w,u1, . . . ,ur)
})= hk − r.
Moreover, it is possible to ﬁnd u1,u2, . . . ,ur such that {u j}i = 0 for i > k + 1 ( j = 1,2, . . . , r). Thus
the tableau (w,u1, . . . ,ur) is a k-coordinate tableau of the ideal A and the theorem is proved. 
As verbal ideal is fully invariant in FL∞ , it is possible to characterize the verbal ideals by their
characteristics. Further we calculate characteristics of the terms of the lower central series and the
derived series of FL∞ .
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Theorem13. The k-th term γk(FL∞) (k 1) of the lower central series of the Lie algebra FL∞ is a parallelotopic
subalgebra with the characteristic
h
(
γk(FL∞)
)= 〈(1− k + 1)+, (p − k + 1)+, (p2 − k + 1)+, . . .〉.
Proof. The subalgebras γk(FL∞), k  1, are parallelotopic by Theorem 12. Hence it is suﬃcient to
calculate the characteristic of γk(FL∞). We use induction on k. The case k = 1 is trivial, we choose it
as the base of induction. Suppose that the statement is correct for some k 1 and let
h
(
γk(FL∞)
)= 〈0, . . . ,0,hl+1, . . . ,hm, . . .〉, hl+1 = 0,
where hs = (ps−1 − k + 1)+ , s l + 1.
The subalgebra γk+1(FL∞) is generated as Zp-module by all elements of the form (u, v), u ∈
γk(FL∞), v ∈ FL∞ . For all tableaux u ∈ γk(FL∞), v ∈ FL∞ , and s 1 we have
h
({
(u, v)
}
s
)
 max
1is−1
{
h
(
∂{v}s
∂xi
· {u}i
)
,h
(
∂{u}s
∂xi
· {v}i
)}
.
Since γk(FL∞) has depth l, we obtain {(u, v)}s = 0 for 1 s l.
By inductive hypothesis and Lemma 4 item (i) we get the estimations:
h
(
∂{u}s
∂xi
· {v}i
)

(
h
({u}s)− 1)+  (hs − 1)+,
h
(
∂{v}s
∂xi
· {u}i
)

(
h
(
∂{v}s
∂xi
)
+ h({u}i)− 1)+

(
h
({v}s)− pi−1 + h({u}i)− 1)+

(
ps−1 − pi−1 + pi−1 − k + 1− 1)+

(
ps−1 − k)+ = (hs − 1)+
for every i = 1, . . . , s − 1. Hence h({(u, v)}s) (hs − 1)+ .
Let us take a tableau u ∈ γk(FL∞) such that h({u}s) = hs (s  l + 1). Then by Lemma 4 item (ii)
there exists a tableau v ∈ FL∞ such that
h
({
(u, v)
}
s
)= (hs − 1)+.
Thus the s-th coordinate of the characteristic of γk+1(FL∞) is equal to (hs−1)+ = (ps−1−(k+1)−1)+
for all s l + 1. The theorem is proved. 
3.5. The derived series of the Lie algebra FL∞
Theorem 14. The k-th term FL(k)∞ (k 1) of the derived series of the Lie algebra FL∞ is a parallelotopic subal-
gebra with the characteristic
h
(
FL(k)∞
)= 〈0, . . . ,0︸ ︷︷ ︸
k
,hk+1,hk+2, . . .〉, (7)
where hs = ps−1 − pk−1 , s k + 1.
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the characteristic of FL(k)∞ , k  1. We use induction on k. For k = 1 the subalgebra FL(1)∞ = γ2(FL∞). By
Theorem 13 the characteristic of γ2(FL∞) is equal to
〈
0, p − 1, p2 − 1, . . . , pm−1 − 1, . . .〉.
It coincides with the characteristic (7) for the case k = 1. Assume that the statement is correct for
some k 1.
Notice that the Lie bracket of two tableaux of the depth greater than or equal to k has a depth
greater than or equal to k + 1. Also observe that every monomial of the height ps−1 − pk−1 is of the
form:
cxp−11 . . . x
p−1
k−1 x
p−2
k x
p−1
k+1 . . . x
p−1
s−1 .
Then for arbitrary u, v ∈ FL(k)∞ :
h
({
(u, v)
}
s
)
 max
k+1is−1
{
h
(
∂{v}s
∂xi
· {u}i
)
,h
(
∂{u}s
∂xi
· {v}i
)}
 max
k+1is−1
h
(
xp−11 . . . x
p−1
k . . . x
p−1
i−1 x
p−2
i x
p−1
i+1 . . . x
p−1
s−1
)
= max
k+1is−1
(
ps−1 − pi−1)= ps−1 − pk.
Moreover the above bound is accessible. Indeed, let v ∈ FL(k)∞ be the s-coordinate tableau with {v}s =
xp−11 . . . x
p−1
k−1 x
p−2
k x
p−1
k+1 . . . x
p−1
s−1 and u ∈ FL(k)∞ be the (k + 1)-coordinate tableau with {u}k+1 = xk . Then
h
({
(u, v)
}
s
)= h(xp−11 . . . xp−1k xp−2k+1 xp−1k+2 . . . xp−1s−1 )= ps−1 − pk.
Thus the s-th coordinate of the characteristic of FL(k+1)∞ is equal to ps−1 − pk for all s  k + 1. The
theorem is proved. 
Corollary 14.1. The k-th term of the derived series (k 1) of the Lie algebra FL∞ coincides with the pk−1 + 1
term of the lower central series of FL∞ (FL(0)∞ = γ1(FL∞)).
3.6. The Engel series of the Lie algebra FL∞
Let L(X) be the free Lie algebra on the set X over the ﬁeld Zp . The commutator of L(X) of the
form
Ek(x, y) =
(
. . .
(
(x, y), y
)
, . . . , y︸ ︷︷ ︸
k
)= (x,k y)
is called engel of length k. The series of the verbal ideals of arbitrary Lie algebra L:
L = E0(L) ⊇ E1(L) ⊇ · · · ⊇ Ek(L) ⊇ Ek+1(L) ⊇ · · ·
is called Engel series of this Lie algebra.
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subalgebra with the characteristic
h
(
Ek(FL∞)
)= 〈(1− k)+, (p − k)+, (p2 − k)+, . . .〉.
Proof. Notice that the embedding
Ek(FL∞) ⊆ γk+1(FL∞)
holds for every k 0. By Theorem 13 it is suﬃcient to proof the embedding in the other direction.
Now we prove that for every r (k < pr−1) the ideal Ek(FL∞) contains r-coordinate tableau with
the height of r-th coordinate equal to pr−1 − k. Consider
u = [0, . . . ,0, xp−11 xp−12 . . . xp−1r−1 ,0, . . .],
v = [1, xp−11 , xp−11 xp−12 , . . . , xp−11 xp−12 . . . xp−1r−2 ,0, . . .].
Let us show that the r-th coordinate of the tableau (u,k v) is a monomial of the height pr−1 − k. We
use induction on k. For k = 1 we have
(u, v) = [0, . . . ,0, (p − 1)xp−21 xp−12 . . . xp−1r−1 ,0, . . .]
and h({(u, v)}r) = pr−1 − 1. Assume that the statement is correct for some k > 1 and {(u,k v)}r =
xαii x
αi+1
i+1 . . . x
αr−1
r−1 , αi > 0, is the monomial of the height pr−1 − k. Then
{
(u,k+1 v)
}
r = αi xp−11 xp−12 . . . xp−1i−1 xαi−1i x
αi+1
i+1 . . . x
αr−1
r−1 ,
since the other items of the sum contain a degree of some variable xi greater than p−1 and so equal
to zero. The height of this monomial is equal
h
({
(u,k+1 v)
}
r
)= h(αi xp−11 xp−12 . . . xp−1i−1 xαi−1i xαi+1i+1 . . . xαr−1r−1 )
= 1+ (p − 1) + · · · + (p − 1)pi−2 + (αi − 1)pi−1 + αi+1pi + · · · + αr−1pr−2
= 1+ pi−1 − 1− pi−1 + pr−1 − k − 1 = pr−1 − k − 1.
Hence for every r (k < pr−1) and every h < pr−1 − k the ideal Ek(FL∞) contains the r-coordinate
tableau with the r-th coordinate of the height h. Since Ek(FL∞) is a paralellotopic subalgebra of FL∞ , it
contains all the tableaux of characteristics less or equal to 〈(1−k)+, (p−k)+, (p2−k)+, . . .〉. Therefore
γk+1(FL∞) ⊆ Ek(FL∞) and the theorem is proved. 
Corollary 15.1. The k-th term of the Engel series (k  0) of the Lie algebra FL∞ coincides with the k + 1-th
term of the lower central series of FL∞ .
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